In this paper, we investigate the structures of an extremal tree which has the minimal number of subtrees in the set of all trees with the given degree sequence of a tree. In particular, the extremal trees must be caterpillar and but in general not unique.
Introduction
Let T = (V, E) be a tree with vertex set V(T ) and edge set E(T ). vertices of degree 1 of T are called leaves. For any two vertices u, v ∈ V(T ), the distance between two vertices u and v, denoted by d T (u, v) (or d(u, v) for short), is length of the unique path P T (u, v) joining u and v in T . Then D(T ) = max{d (u, v) 
|u, v ∈ V(T )} is the diameter of tree T . Moreover, we use N T (v) to indicate the neighbors of vertex v and d(v) = |N T (v)| is the degree of v.
A the maximal Wiener index. The rest of the paper is organized as follows. In Section 2, we prove that a minimum optimal tree must be a caterpillar. In Section 3, we discuss some properties of the extremal tree with minimal (maximal) number of subtrees among caterpillar trees with given order and degree sequence. In Section 4, the extremal trees with minimal subtrees among given degree sequence
and k ≤ 5 are characterized. Moreover, the extremal minimal trees are not unique.
Properties of optimal minimal trees with a given degree sequence
For a nonincreasing sequence of positive integers
If π is the degree sequence of a tree, let T π denote the set of all trees with π as its degree sequence. For convenience, we refer to trees that maximize (minimize) the number of subtrees as maximum (minimum) optimal. The main result of this section can be stated as follow.
Theorem 2.1 Let
* is a minimum optimal tree in T π , then T * must be a caterpillar.
Proof. Let T * ∈ T π be a minimum optimal tree. If the diameter D(T * ) is equal to 2, then T * is K 1,n−1 , and also is caterpillar. If D(T * ) = 3, then the degree sequence of T * must
It is easy to see that T * is a caterpillar. Hence we only need to prove the assertion for D(T * ) ≥ 4 and at least three internal vertices. Let
, which implies that there are at least r − 1 vertices with at least degree 2. So k ≥ r − 1. Now we have the following claim Claim:
If k > r − 1 then T * is not a caterpillar. Thus there exists a vertex y V(P) and 2 ≤ l ≤ r − 2 such that the edge yv l ∈ E(T ) and
respectively. Without loss of generality, we assume that
Let T ′ be a tree with degree sequence π obtained from T * by deleting the edges yx 1 
It contradicts to T * being an minimum optimal tree. Hence the claim holds and T * is a caterpillar.
Properties of optimal trees among caterpillars with a given degree sequence
In this section, we study some properties of optimal minimal (maximal) trees in the set of all caterpillars for a given degree sequence, since an optimal minimal tree in the set of all trees with a given degree sequence must be caterpillar. For graphic sequence π =
T is a caterpillar with degree sequence π}.
respectively. Clearly, C(y 1 , · · · , y k ) ∈ C π . Conversely, for any T ∈ C π , T can be obtained in this way. Moreover, let V j , V ≥ j and V ≤ j denote the connected component of C(y 1 , y 2 , · · · , y k ) containing v j after deleting the two edges v j−1 v j and v j v j+1 , the edge v j−1 v j , and the edge v j v j+1 , respectively, for j = 1, · · · , k. For convenience, let V 0 = V ≤0 = {v 0 } and V k+1 = V ≥k+1 = {v k+1 }.
Lemma 3.1 Let T be a tree C(y
with at least one strict inequality and
Proof. 
Hence the assertion holds.
Similarly, we can prove the following assertion by the same method and omit the detail.
Lemma 3.2 Let T be a tree C(y
It follows from Lemmas 3.1 and 3.2 that we have got a property of an optimally minimal caterpillar tree in C π . 
Corollary 3.3 Let T be a minimum optional tree C(z
1 , · · · , z k ) with the spine v 0 v 1 v 2 · · · v k v k+1 in C π . (i). If there exists a 2 ≤ p ≤ k − 1 such that f V p−i (v p−i ) ≥ (or ≤) f V p+i (v p+i ) for i = 1, · · · ,f V ≤p−q−1 (v p−q−1 ) ≤ (or ≥) f V ≥p+q+1 (v p+q+1 ).(2)
(ii). If there exists a
Further, we present another property of a minimal optimal tree in C π .
Theorem 3.4 Let
Proof.. We consider the following three cases.
Clearly, the assertion holds.
Hence by (i) of Corollary 3.3, we have 
Then by (i) of Corollary 3.3, we have
It is a contradiction. If k + s is even, by similar method and applying (ii) of Corollary 3.3, we also get the contradiction. Hence the Claim holds. 
